The results in this paper are part of a program to understand to what extent one can use mean curvature data to determine the shape of a surface in R 3 .
On Bonnet's Uniqueness Problem
Two isometric immersions F 1 and F 2 , of a given Riemannian surface (M, g) into R 3 , are called congruent (denoted F 1 ∼ F 2 ) if they differ by a rigid motion. We are interested in the following questions: What conditions guarantee that H 1 = H 2 implies F 1 ∼ F 2 ? What can be said if H 1 = H 2 but F 1 and F 2 are not congruent? The isometric immersions F 1 and F 2 are called Bonnet mates if they are not congruent but their mean curvature functions, H 1 and H 2 are equal.
Bonnet, Cartan, and Chern studied the existence and classification of Bonnet mates. Their works yield a complete local classification of the umbilic-free immersions which admit Bonnet mates ( [Bon67] , [Car42] , [Che85] ). Some global results were obtained by Lawson and Tribuzy, and by Ros (see [LT87] and [Ros88] ).
The methods used in [Bon67] , [Car42] , and [Che85] are very powerful and beautiful but can not be used to study non-constant mean curvature surfaces with umbilic points. Until recently it was not known whether there are Bonnet mates which have umbilic points and whose mean curvature is not locally constant at the umbilic. In particular it was not known whether there are any Bonnet mates which are not included in the Bonnet-Cartan-Chern classification. A general construction which yields all immersions, with or without umbilic points, that admit Bonnet mates was found in [KPP96] . This construction made it possible to prove that there exist infinitely many new Bonnet immersions, that is Bonnet mates which have umbilic points and whose mean curvature is not constant in a neighborhood of the umbilic ([Ka97] and [Ka97a] ).
Here we present some of our results on the properties of the umbilic points of Bonnet mates and on the the following rigidity conjecture: Let (M, g) be a closed oriented Riemannian surface and let H : M → R be an arbitrary non-constant function. Then up to rigid motions, there exists at most one isometric immersion F : (M, g) → R 3 with mean curvature function H.
Throughout this note (M, g) is an oriented, connected Riemannian surface; F 1 , F 2 are isometric immersions of (M, g) in R 3 ; II i , N i , and H i denote the second fundamental form, the field of unit normals, and the mean curvature function respectively of the immersion F i . Notice that the mean curvatures of two isometric immersions F 1 and F 2 coincide if and only if at every point F 1 and F 2 have the same principal curvatures, and so if H 1 = H 2 then p is an umbilic for one of the immersions precisely if it is umbilic for the other too.
It is convenient to introduce the shape distortion tensor, D = II 1 − II 2 , associated with F 1 and F 2 . Thus Bonnet's fundamental theorem of surface theory implies that F 1 ∼ F 2 if and only if D ≡ 0. The Mainardi-Codazzi equations imply the following observation:
Observation 1.1 If the mean curvature functions of F 1 and F 2 coincide then the associated shape distortion operator is trace-free and divergence free, i.e, its (2, 0) part, D (2,0) , is holomorphic.
From Observation 1.1 we deduce the following unique continuation property:
Our next goal is to analyze the umbilics when H 1 = H 2 .
Theorem 1 Suppose that F 1 and F 2 are Bonnet mates then:
A. D p = 0 if and only if p is umbilic; moreover, for every umbilic point p we have
where ind F1 (p) and ind F2 (p) denote the index of p with respect to F 1 and F 2 respectively and ind D 2,0 (p) is the index of p with respect to the horizontal foliation of the quadratic differential D 2,0 . B. Every umbilic point is a critical point of the mean and the Gauss curvatures. Furthermore, the trace-free part of II 1 vanishes to a finite order at every umbilic point.
According to Theorem 1, if an isometric embedding, F 1 , admits a Bonnet mate then the net formed by the curvature lines of F 1 has the same local character, i.e., same type of singularities, as the net formed by the horizontal and vertical foliations of a holomorphic quadratic differential. Next we consider what can be said about an embedding whose foliations of curvature lines are precisely the horizontal (vertical) foliations of a holomorphic quadratic differential.
Theorem 2 Let M be a closed oriented Riemannian surface and let F 1 : (M, g) → R 3 be an isometric embedding, whose net of curvature lines is the net formed by the principal stretch foliations of a holomorphic quadratic differential. Then an isometric embedding F 2 :
Our proof also yields a theorem about immersions:
Theorem 3 Let M be a closed oriented Riemannian surface and let F 1 : (M, g) → R 3 be an isometric immersion, whose net of curvature lines is the net formed by the principal stretch foliations of a holomorphic quadratic differential. If F 1 admits a Bonnet mate then its mean curvature is constant.
In particular the shape of an isothermic embedding of a closed surface is determined by its mean curvature. For example, if F 1 (M ) is a surface of revolution, then every other isometric embedding, F 2 , s.t., H 1 = H 2 must be congruent to F 1 .
Using the unique continuation property we obtain:
Theorem 4 Let F 1 , F 2 : (M, g) → R 3 be two isometric embeddings then F 1 ∼ F 2 if and only if the following set of conditions are satisfied:
The unique continuation also yields a generalization of the following classical result:
Theorem 5 Let F 1 , F 2 : (M, g) → R 3 be two isometric embeddings then F 1 ∼ F 2 if and only if the following set of conditions is satisfied:
Dirac Spinors and Conformal Immersions
To obtain deeper rigidity results and to try to find and classify the possible counterexamples to the rigidity conjecture we needed a new method for constructing surfaces. In this section we outline a theory which provides such a method and then apply the theory to investigate the following modified rigidity conjecture: Given a function H on (M, g), and a regular homotopy class, F , of immersions of M into R 3 , then up to rigid motions there exists at most one isometric immersion F ∈ F with mean curvature function H. Note that if the modified conjecture is false then the rigidity conjecture from the previous section is also false. At the end of the paper we announce our results concerning the possible structure of the space of counterexamples to the modified conjecture (Theorem 8). The proof of Theorem 8 yields a prescription for the construction of counterexamples to the modified conjecture. (See also [KPP96] , [Ka97b] .)
Instead of a new method for constructing surfaces one could try to use the Weierstrass-Kenmotsu representation ( [Ken79] ). Kenmotsu showed that a conformal immersion, F , with prescribed mean curvature function H can be found only if certain system of partial differential equations has a solution. The solution, if it exists, represents the Gauss map of F , i.e., dF . The main difficulty is that the system is nonhomogeneous, second order, and nonlinear if H is non-constant, and, in addition, the system is degenerate at points at which H = 0.
The Weierstrass representation of minimal surfaces was reformulated in terms of spinors in [Sul89] . These ideas were used in [KS93] , where the authors also indicated that there should be a theory for general, not necessarily minimal, surfaces. Indeed such theories were developed in [Bob93] , and later in [KT95] , and [Ric95] . During the academic year 1995-1996 the GANG seminar at UMASS set out to investigate the role of spinors in the geometry of immersed surfaces and, in particular, to develop a general theory of the spinor representation of surfaces. The goal was to design an efficient and useful calculus, and to give a transparent explanation of the objects involved in the representation. Some main points of the theory are sumammrized below and then applied to the Bonnet problem. For more details see [GANG] .
From now on M always denotes a Riemann surface, i.e., an oriented surface with a chosen conformal structure, in particular M comes equipped with a maximal holomorphic atlas {(U α , z α )}. By definition the oriented bundle of half-densities, D 1 2 , is the real line bundle with transition functions |∂z α /∂z β |. On every chart U α there is a canonical local section |dz α |. The conformal structure allows us to make sense of non-negative two-forms, non-negative half-densities, and the square root of a non-negative two-form. Indeed, the square root of a nonnegative two-form wdx α ∧ dy α is defined to be √ wdx α ∧ dy α = √ w|dz α |. Thus the square root of a non-negative two-form, in particular an area element, is a half-density, and vice versa the square of a half-density is a two-form. For every ω ∈ T (1,0) M * we obtain a half-density |ω|, defined by |ω| = ω ∧ ω 2i .
(1)
Definition 1 Given a conformal immersion F of M into R 3 we obtain a well defined area element dA by pulling back the Euclidean metric by F and let H be the mean curvature function of the immersion F . The half density H √ dA is called the mean curvature half density of F .
A conformal immersion, F , of a Riemann surface into R 3 defines a spin structure on the Riemann surface. The spin structure characterizes uniquely the regular homotopy class of the immersion. See [Pi85] and [Sul89] . The square root, √ dF , of the differential of F as a section in the associated spinor bundle, Σ. For the rest of this paper we identify R 3 with the imaginary quaternions im(H). A spinor bundle on a Riemann surface is a quaternionic line bundle Σ with transition functions k βα : U α ∩ U β → C such that k 2 βα = ∂z α /∂z β . A choice of a spinor bundle is equivalent to choosing a square root bundle of the bundle of conformal R 3 -valued one forms on M . Indeed, the following theorem is known: From standard elliptic theory and using the representation (3) we obtain a local existence result: Every half-density can be realized locally as the mean-curvature half-density of a conformal immersion. Global existence and the well posedness of the Dirichlet problem are discussed in [Ka97b] and [Ka97c] .
The outlined theory provides new insight into the Bonnet uniqueness problem. If M is a closed surface then dim ker(D − U ) is finite. Moreover, let F be an isometric immersion and let U be the mean curvature half-density of F and let D be the conformal Dirac operator associated with the spin structure induced by F . If dim ker(D − U ) = 1 then F does not admit a regularly homotopic Bonnet mate. Thus without loss of generality we may concentrate on immersions for which dim ker(D − U ) > 1.
Recall that two Bonnet mates F 1 ,F 2 : (M, g) → R 3 form a Bonnet pair if, up to rigid motions, there is no other isometric immersion of (M, g) with the same mean curvature function H = H 1 = H 2 . Lawson and Tribuzy showed that for closed surfaces we can have at most two non congruent isometric immersions with a given non-constant mean curvature ( [LT87] ). Thus the counter-examples to the rigidity conjecture must come coupled in Bonnet pairs.
We are now in position to establish the possible topological structure of the space of closed Bonnet pairs if such exist.
Theorem 8 ( [Ka97b] ) Let U be a half-density on a closed Riemann surface M and let us fix a regular homotopy class, F , of immersions of M into R 3 , i.e., a spin structure on M with a conformal Dirac operator D. Then either there are no counterexamples to the modified conjecture or there exists a unique counterexample, or there are precisely two counterexamples, or there is a one dimensional space of counterexamples, or there is a four-dimensional family of counterexamples. More precisely, only one of the following may happen:
(a.) Let F 1 , F 2 ∈ F be two immersions, whose mean curvature half-densities equal to U , then F 1 ∼ F 2 , if and only if H 1 = H 2 ;
(b.) Up to homothety of R 3 , there exists a unique Bonnet pair F 1 , F 2 ∈ F, so that each F i has mean curvature half-density equal to U ;
(c.) Up to homothety of R 3 , there exist precisely two pairs of Bonnet mates F i 1 , F i 2 ∈ F, i = 1, 2, so that each F i j has mean curvature half-density equal to U . Namely, for each fixed i = 1, 2 the immersions F i 1 , F i 2 , are non-congruent but have the same mean curvature function H i , and are isometric;
(d.) Up to homothety of R 3 , there exists a one dimensional family of Bonnet pairs, F t 1 , F t 2 ∈ F, t ∈ R, such that the mean curvature half-density of each F t i equals U .
(e.) Up to homothety of R 3 , there exists a four-dimensional family of Bonnet pairs, F A 1 , F A 2 ∈ F, A ∈ B 4 1/2 (0), such that the mean curvature half-density of each F A i equals U .
Remark 1 Note that often it is easy to rule out case (c.), for example when ker(D−U ) is two dimensional. In summary, the space of counterexamples to the modified rigidity conjecture for a given mean curvature half-density U is either empty or a disjoint union of isolated points, lines, and four dimensional balls.
Note This paper is an updated version of GANG preprint 4.23, 1996.
